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ABSTRACT

KAGEFHA (LLMs) FEHERD IR I 6, BAEIZRIS 0B, V3R 20 AT R T
BOEASRT 71155 H AR BUAISAGSAS] (RL) 7 SR EEAEHOET o AR (9 A AR K
SR . AT Tl A TR AR (RLSC), B B A B (5 A R
T JEHnAE . MG TR . T Qwen2.5-Math-7B, &NAI AL ] 8 V4
AN 4 ANIZEH I, RLSC 78 AIME2024 | fEff P 71 T +20.10 %, £ MATHS00 =327}
T +49.40 %, £ AMC23 EF2J1 T +52.50 %. RLSC BRI fR It 7 Ffij it Wl J 1
JEINGRIE, HRAFR DR
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Policy- dependent Reward
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F(pg) = Ey1,y2~pe(y|m) yl = y2 Zpe Yy | (D

MR R B R AE— N AT SN B R BRI, X AR A B, U O
b, FATEWEZHEKIPAT B1E Hix:

F(po) = Eypy(y)x) [Po(y | )] (2)
BB GRE T TTRL AP (fRalbRa s A FAL A R) | IMB 220 T 0 bR & B R T ok
B TR AR B LA .
22 AfEHK SR
TR ETE AR BAE H xR

F(po) = Eympy (vl [Po(y | )] 3)
BAPTE X TR SE 0 R . X8, 01453

Vo F (py) Zvape W z) po(y | ) =Eynps[Vopo(y | 2)] = Eynpoy [Poa(y | ©) - Vologpa(y [ )] (4)

KL, poa FORBRARSEIA (B, SRR EARE), T REEFMAL. X FBCT AN UK :

Zpold y|x)- logpe(y | x) (&)
Y

AR AR L T IESE T2 vy B A5 P o ELA B e P RO . 02, BTSN A,
ArricEdh, HF AU g S fE S A R B

AT B 2T IZ A T G pR A L(poras po) o — P RS R IEIL I —DNHEL o > 0 P

Ly=— (poaly | 7) + ) logps(y | =) 6)

Y

XA A AR E AL, R zz?{ Pold AEHFEU BURR T o TN SLIUESL, BIERA/ING o (. (5
wo.1), WREMEEISHERZ Lt RE
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Table 1: $ii 55 pR B AR W A DAL R

Name Loss function Functional

RLHF loss Dold log p E,, [po]
Shannon Entropy (14 logpo)logp E,,[logpe]
Completion rewards R(y)logp E,,[R(y)]

2.3 SbRilgRieE

AR A 15 HARARAE Qwen2.5-Math-7B B8 . XTI GRon ], FAT 6T BRI AR 8 /Mg
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L1== poaly|z)logps(y|z) or Lo=-> (paualy|z)+e)logps(y|z) (7)
Yy Yy

RTINS, FRATTR AT AR R s A 2 -
o XFFEFN A, {#if] generate(temperature = 0.6, num of samples=8) 4 %, 8 ~%M 4
TR (BR + BF) A, #7HHHR T SO xR
IS %t B AR AL DA B B9 S i
T BRI R B2 T, RASRAT 57 g X (AR
T I S [ AR AR VA 26 RTS8
FRATE AIME2024 $d4E FALINZ: T 4 B, i 8 4~ NVIDIA A100 GPU (80GB). F&AI1% A AdamW {1
2%, 2¢20%H 5 x 107° , FEATRARMER AU . 2 UK B R R 2048 M Ric.

%ﬁf%z/J%&ﬁ@%%éK@ﬁ%ﬁﬁﬁﬂ%&ﬁ‘%‘ TR ORI AL, JFREAS LR AL . ORI K FAL R
Fo

Algorithm 1 Ji KA F R 1Y 1E WAk /N —3fe 7 2K

# model.generate (prompt): generates multiple completions
# model.forward (input): returns token logits

for question in dataset:

# generate completions
completions = model.generate(question, temperature, num_samples)

# get gradable probabilities

logits = model.forward(question.repeat() + completions) [question.length:-1]
all_log_probs = log_softmax(logits / temperature)

log_p = all_log_probs.gather (token_ids) .sum

# compute loss
loss = - (exp(log_p).detach() + alpha) * log_p

loss.backward ()
optimizer.step ()

3 9
31 HiRkanbr
FEMNR . FRATAEILA B PR E e L IPAE T IRAT i, AR5 (AIME24 (1] |
MATH500 [9] . AMC23 [12] . GSMSK [8] ) DA 255 GPQADiamond [7] .
HERR R 8 SCHIER I 2 I REAR B S PR AR B8 2t e B 7R . Pass@1 #3404 B4
# Correct Answers

Acc = 8
e # Total Samples ®

k
1
pass@1 = Zpi 9)
i=1

Nl

N T RV G B2 2 R - HUAe . FRATTBE AR IR A TPl VPR AR (061, [81) ECRPAL T3
TRR A R, FHORFRPT A SSR BB A A . 4550 % DR,

FEXHL, AT 2B HERf P M AR Pass@1, PUOMFRATUCATFEBLSE A TG, BOA IR Y A b ——1Ef)
PEAREIEERA) . MEHORE, RUIEELGH Qwen BB HATMRNAT] T BFR M, sihr b, B2
WICIRIERIE T, FATRI R T X R T, s B S8 SC B 1 S o iy el
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Model AIME24 MATH500 AMC23 GSM8K GPQADiamond
Qwen2.5-Math-1.5B 23.34 2.2 0 73.84 19.19
Ours 26.67 62.40 40.00 73.77 18.18
A +3.33 +60.20 +40.00 -0.07 -1.01
Qwen2.5-Math-7B 33 15.4 12.5 84.38 21.38
Ours 234 64.80 65.00 84.38 27.6
A +20.10 +49.40 +52.50 0 +6.22

Table 2: £:£k Qwen2.5 FiATF RLSC T 527 AT R VI P vERRZE (% ). RLSC {£ AIME24, MATHS00
T AMC23 H AL T —Eieiett . Bira BoE Yy o B A R B A JETPAL AT 3. 3 i B R S R R

TEFTA =A% 0 EEN R R AR SE B T B A ek, AIME24 [T1] . MATH500 [9] F1 AMC23 [12] (i,
MATH500 25 T 60.2 %, AMC23 #2571 40 %), XA ILHFE 7B SEIE I h B3 (AMC23 #1577 52.5
%)

AR, RLSC SO (R A S A, SR f) [l 2%, B RE A B BRI L T SEH “ik
HM—L—BEE” BEGHIAIARR, BATABRES TR A R TUAR L.

BN, A AIME 1 (61 1) o, BEASITIURNFSHES, BEORKIN. 2 RLSC KB REN
e, IR, I 2R R . 78 MATH Al AMC23 P B T R Rl

SUEFANTAE M BEA T R B K BEAY I8/, (HIX B I E A TR HE I o — 0 . X 3] RLSC wl fign
PME CoT 4R i B AU 58, I nT BEAE O H 15l (R FEEBR A 75O o

FAPRPREIRIG 20 (FIan, 5. HEHPEE) BRI TAE.
FAMIM MATH A1 AIME B s B HEBRSER, b T Ttk dr. 4R EE5T.

N T REMEPPA AR, A AR T WA IRAL A 28 RLSC ORI i, i i LA™ i
PR e AR B, R 5 A RERAE TR A B B R B S 4L 55 BB ANHEREGE T . FRATISLER S5 R K,
F£ MATHS00 i, W) SR BEUEA T SL i (N5 DRI TERE, BIANZEO0 1, e A phe 52 2% 1 A D0 5 4 5%
We, BIANZEH] 2, JATKI AR BRI LB RGeS, SHEITUR "B #SFWTEAR, B
A I A B B AR AT L HE R IO S5

FEATIFF- DA AR A SE BT T S HEAR B RS TAR AR, (HA)22 508K, RLSC 7EZ R S 4G H
AR ERFF R -

4 MM

HERIALSS s Ak o] o TR, SifkaE ) (RL) eSS RZNE SR (LLMs) FOHEBRAE )05 AHE T %
B . BB DeepSeek-R1 (7] , ChatGPT ol [1] , QwQ [IR] Fil Qwen i 45 2% M) 5 gt g 1] 22 B £
;ifﬁﬁmzmﬁﬁﬁAﬁ%,%ﬁ?ékm%ﬁ%m%@&%,ﬁ%%ﬁ@ﬁﬁﬁ%@%ﬁ%#ﬁmﬂ
RAFAIAL o

TERXANGUH T, — AL T7 R R H AR5 b4 >] (RLHF) [05] , %75 i i\ TARE k=4
bR IR NS, PABEREANAT 5 Nl dF— k. SR, RLHF @& ST 57 3h s SR A AnE, A
-2 T E R .

N T G ARKE , BAT AT R A5 Ak~ (RLVR) [I4] 0] 5] A7 58 4 5T 1) E00 ) 2K il i
K (2, y*) , FEXPIAR, B i i 5 2 5 AT R AT i 2R i) . B 4% RLVR /b 1 Xy
TERR A HE R BRAG MO, (HE VIR BN TAREER FUSIRIET S, AR 7 T4 .
WG folr, MHARIINZE (TTT) (20 © 2 MO FEH R AR s — P AR A T ) — A R 7
] (EARER A A FE 5 (SPC)  [B] MZEXTZMERE (AZR) [00], BATRA T ZEIRe
SRR PRGBS IAE L, X 07k, — MR T RO R s, B A R
BB, M —MERIAES SR, sl XS i T T AR, AT A
AR (k0. Python AT AR IS ) Ff B E
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Case 1 parison of Model Outputs

Problem. Consider the function

Fz) = {az2 ifz > a,

ar + 2a ifz < a,

where a is some number. What is the smallest value of a such that the graph of y = f () intersects the horizontal line y = 2017 at least twice? Mark your solution with \boxed.

Qwen2.5-Math-7B with RLSC
Solution. To find the largest value of a such that the graph of y = f () intersects every horizontal line at least once, we need to analyze the function f(x) and ensure that it covers
all possible y -values. The function f () is defined as:
2 .
ax ifz > a,
f(:lf>:{ L

axr + 2a ifzx < a.

1. Analyze the first part of the function f(x) = ax? for x > a:-Since x > a,the minimum value of ax~ is a - a? = a® . As z increases, az? increases without bound. So,

the range of az? forz > ais [a®, 00) . 2. Analyze the second part of the function f(z) = az + 2a forz < a: Thc value of az +2aatz = aisa-a+2a = a® +2a

. As x decreases without bound, ax + 2a decreases without bound. So, the range of ax + 2a forz < ais(—oo, a? + 2a) . For the function f(L) to intersect every horizontal
line at least once, the mnge of f(z) must cover all real numbers. This means the range of az? for z > a must o»erldp with the range of ax 4 2a for x < a . Specifically, the
minimum value of az2 (which is a3 ) must be less than or equal to the maximum value of az + 2a (which is a? + 2a ). So, we need to solve the inequality:

3 < (12 + 2a.

Rearranging the inequality, we get:

a® —a? - 2a <o0.
Factoring the left-hand side, we get:

{1((1.2 —a—2)<0.
Further factoring the quadratic expression, we get:

a(a —2)(a+1) <O0.

‘We need to find the values of a that satisfy this inequality. The critical pointsare @ = 0, a = 2,and a = —1 . Testing the intervals determined by these points, we find that the
inequality a(a — 2)(a + 1) < Oiss U [0, 2] . Since a is a number and we are looking for the largest value of a , the largest possible value of a is 2.

We can verify that when a = 2, the function f () intersects every horizontal line at least once. So, the largest value of a is

Final Answer (Correct):

Qwen2.5-Math-7B
Solution. To solve the problem, we need to analyze the function f(x) and determine the values of a such that the graph of y = f(x) intersects every horizontal line at least once
and intersects the horizontal line y = 2017 at least twice. The function f () is defined as:

2 .
_ Jaz ife > a,
() = {aa: + 2a ifz < a.

Smallest value of a such that the graph of y = f () intersects the horizontal line y = 2017 at least twice For the function f () to intersect the horizontal line y = 2017 at least
twice, we need to find the values of a such that there are at least two solutions to the equation f(z) = 2017 .

I.Forz > a, f(z) = az® = 2017. So,x = +./22L7 Since > a , we only consider the positive root z = 4/ > = T . This root exists if y/ w = a, which
simplifies to % > a? or 2017 > a3 ora < \S/W

2.Forz < a, f(z) = ax + 2a = 2017 .So,z = W . This root exists if w < a , which simplifies to 2017 — 2a < a2 ora? + 2a — 2017 > 0.
Solving this quadratic inequality, we get @ > /2017 + 1 — lora < —+/2017 + 1 — 1. Since a must be positive, we take a > /2017 + 1 — 1.

The smallest value of a that satisfies both conditions is the maximum of m and /2017 + 1 — 1. Since \S/W ~ 12.63and /2017 + 1 —1 ~ 44.69 — 1 = 43.69
, the smallest value of a is E”/W . Let’s implement this in Python to confirm our results.

import sympy as sp

# Define the variable and the equation

a = sp.symbols(’a’)

eql = a**3 - 2017

eq2 = a¥*2 + 2%a - 2017

# Solve the equations

soll = sp.solve(eql, a)

sol2 = sp.solve(eq2, a)

# Find the largest value of a such that the graph of y = f(x) intersects every horizontal line at least once
largest_a = max(soll)

# Find the smallest value of a such that the graph of y = f(x) intersects the horizontal line y = 2017 at least twice
smallest_a = max(sol1[0], sol2[1])

print((largest_a, smallest_a))

output
(2017%%(1/3), -1 + sqrt(2018))

The largest value of a such that the graph of y = f () intersects every horizontal line at least once is \3/ 2017 . The smallest value of a such that the graph of y = f(z) intersects
the horizontal line y = 2017 at least twice is \3/ 2017.

Final Answer (Incorrect):

H—A R TTT Jy ot s 24> (TTRL) [20] o e A A MEORAEZ AR & 5 W 2 4L
BEEMLHR A D bR . i — ,U\JLJ{’E?%IFGIE?FTM? TR SRR K5 . R4 TTRL sk T W
M, (BERERERA (G, SN 64 4), XFET BHEKIITH.

www.xueshuxiangzi.com



arXiv Template A PREPRINT

Case 2: Comparison of Model Outputs

Problem. What is the distance, in units, between the points (2, —6) and (—4, 3) ? Express your answer in simplest radical form.

Model Output. (Correct Answer), Qwen2.5-Math-7B with RLSC
Solution. To find the distance between two points (1, y1 ) and (z2, y2) in the Cartesian plane, we use the distance formula:

d= /(2 = 21)2 + (v2 — 91)?

Given the points (2, —6) and (—4, 3) , substitute these into the formula:

d= \/((74) —2)2 4 (3 —(—6))2 = \/(76)2 +92 = /36 + 81 = V117 = V9 - 13 = 3V13

Thus, the distance is 31/13 .

Verification with Python:

import math

# Coordinates of the points
x1, y1 = 2, -6

x2, y2 = -4, 3
# Compute the distance

distance = math.sqrt((x2 - x1)**2 + (y2 - yl)*%*2)
print (distance)

Output:
10.816653826391969

This approximates 3v/13 ~ 10.8167 , confirming our answer.

Final Answer (correct): | 3/ 13

Model Output. (Incorrect Answer), Qwen2.5-Math-7B
Problem: What is the distance, in units, between the points (2, —6) and (—4, 3) ? Express your answer in simplest radical form. Mark your solution with \boxed.

Answer: (RIEH)

\end { document }

This code will produce a document with the problem and answer boxes. The problem is typeset in a box, and the answer is typeset in a box. The answer is also marked with a box to
indicate that it is the correct answer. The final answer is \boxed { 10 } .

Final Answer (Incorrect):

MEESENL. M, ESK RLHF [I5] . RLVR [14] [10] . SPC [B] . AZR [20] I TTRL [21] 4% [ #2 H T #H0n
A5 S BRSNS, BT — BN AR, ANRR a5 2Rt 22 5 TR R4 A .

5 &g

FAGIAT BfFsL:>) (RLSC), X @—FIdhns: . (il B sl T G2 s i k. SHmoR
WU B S e ni T3k (W1 TTRL) AfA], RLSC fefi B UM 1 B A U

MY B2 TTRAE T — DS AR T 2 HCE R TR 0 N — B IR AL
zgﬁﬂﬁ%\ﬁ%%%ﬁ%@ﬁoﬁﬁ“ﬁﬁ%%”@ﬁ%%ﬁ%Mﬁﬂﬁ%%ﬁ%E*i%%ﬁ%ﬁ%
FJo

W H T Qwen2.5-Math-7B, RLSC U FH&F A1 A 8 YR58 BURT 4 AN YNZRERIR, SAE A HE R 7R al o Y
HITE LR Ak T 2 R R T (78 MATHS00 | +49.40 %, #£ AMC23 | +52.50 %),

I TAERN, m BRI IZ I A R T ANRERLE ek B TR NERE S — i i S Pur ks
%%ﬁm%ﬁRmC%%&Tﬂﬁi%Iﬂ,1&%?%&%%%%%%@%%E%%Z@%@T~@%ﬁ
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Model Output (Correct Answer), Qwen2.5-Math on AIME-style Game Theory Problem

Problem. Alice and Bob play the following game. A stack of n tokens lies before them. The players take turns
with Alice going first. On each turn, the player removes either 1 token or 4 tokens from the stack. Whoever
removes the last token wins.

Find the number of positive integers n < 2024 for which there exists a strategy for Bob that guarantees that
Bob will win the game regardless of Alice’s play.

Solution. We define a position n as:

- Winning , if the player whose turn it is can force a win.
- Losing , otherwise.

We define a function f(n) :

False, ifn =20
f(n) = { True, if f(n — 1) = False or f(n — 4) = False
False, otherwise

We compute this iteratively for all 1 < n < 2024 . The number of positions n where f(n) = False (i.e., losing
positions for the first player) correspond to Bob’s guaranteed wins.

Python Verification:

def count_losing_positions(max_n):
dp = [False] * (max_n + 1)
for n in range(l, max_n + 1):
if n >= 1 and not dp[n - 1]:

dp[n] = True

elif n >= 4 and not dp[n - 4]:
dp[n] = True

else:
dp[n] = False

return sum(not dp[n] for n in range(l, max_n + 1))

result = count_losing_positions (2024)
print (result)

Output:
809

Final Answer:
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Model Output (Correct Answer), Qwen2.5-Math-7B with RLSC

Problem. Let z, y, 2 be positive real numbers satisfying:

1 z\ 1 1 (y)_l 1 z\ 1
82 yz) 2 082 zz/) 3’ 082 xy) 4

Then the value of |log, (z'y2?)| = 2, where m, n are relatively prime positive integers. Find m +n .

Solution. Using properties of logarithms, we rewrite:

logy (2) ~ 0g(y) ~ loBs(2) = 5, 108a(y) — log(z) ~loga(z) = 5. log(2) ~ logy(x) — loga(y) = .

27
Let a = log, (), b =log,(y), ¢ =log,(2) . Then:

1

a—b—c:§ (1)
1

—a—c== 2

b—a—c 3 )
1

c—a—b:Z 3)

Adding (1), (2), and (3), the LHS becomes:
a—b—c+b—a—-c+c—a—-b=—a—-b-—c

and the RHS:
1 1 1 13 13
§+§+Z=ﬁ$a+b+c=—ﬁ
Now solve for each: - From (1): 2a = % — % = f% =a= f%
-From(2: 2= -2 =-3=bp=-3
-From(3):2c=;-B=-8=3c=-3

Now compute:

2 1
logy (z4y32%) = da +3b+2c =4 (—7> +3 (—g) +2 <—5) _. B9

Convert to common denominator 48:

56 54 40 150 25 25
=-3 = |1og2(x4y3z2)} =3 = m+n=25+8 :

48 48 48 48

Final Answer:
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