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Abstract

由于复杂的逻辑和精确计算的需求，数学
推理对大型语言模型（LLMs）来说仍然
具有挑战性。现有的方法通过重新措辞
问题来合成数据集以增强 LLM 的推理能
力，但在生成质量和问题复杂性方面面临
问题。为了解决这个问题，我们提出通过
生成的问题解决代码从数学推理中提取
结构信息，并通过结构化的解决方案指
导数据生成。应用于 MATH 和 GSM8K，
我们的方法生成了 39K 个问题及其标记
的中间步骤，并提供了一个由 6.1K 个更
高难度问题组成的基准。我们的基准测
试结果显示，模型性能随着推理长度的
增加而下降。此外，我们使用所提出的
训练数据对一系列 LLMs 进行了微调实
验，结果验证了我们数据集的有效性。我
们希望所提出的方法和数据集能为增强
LLM推理能力的未来研究提供贡献。我们
的代码和数据可在 https://github.com/
solerxl/StructuralGeneration获得。

1 引言

近年来，大型语言模型（LLM）以快速的速度
被开发出来，并在自然语言理解、生成和解题
能力上表现出巨大的改进。它们的成功使其
成为解决各种应用的热门选择，包括数学问
题求解 (Zhou et al., 2023; Wang et al., 2024a;
Gao et al., 2023) 、代码生成 (Nijkamp et al.,
2023; Chen et al., 2021)和开放域对话 (OpenAI,
2024; Ouyang et al., 2022)。尽管它们的表现令
人印象深刻，LLM 仍然在推理任务上表现欠
佳 (Valmeekam et al., 2023; Zhou et al., 2023) 。
最具代表性的任务是解决数学问题，这需要
复杂的多步骤推理能力，而 LLM缺乏这些能
力，常常会产生无意义或不准确的内容 (Lai
et al., 2024) 。为了应对这一挑战，后期训练
已被证明在增强 LLM的推理能力方面很有效。
之前的研究 (Yue et al., 2024; Zeng et al., 2023)
表明，在高质量的链式推理（CoT）数据上微
调预训练的 LLM，可以通过使模型更好地利
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用预训练的知识来提高性能。一个显著的例子
是 GPT-o1 (OpenAI, 2024b)，它通过延长 CoT
推理过程的长度引入了推理时间的扩展。尽管
后期训练提供了有价值的密集监督，高质量的
CoT推理数据稀缺仍然是一个主要的挑战。为
此，诸如 PRM800K (Lightman et al., 2023)之类
的人类标注的数据集被引入。然而，这样的数
据成本高昂且难以扩展，使得自动数据生成成
为更实用的替代方案。提出了各种数据增强技
术 (Yue et al., 2024; Tang et al., 2024a; Yu et al.,
2024; Luo et al., 2025; Shao et al., 2024)来提高
LLM的推理能力。例如，MetaMath (Yu et al.,
2024)使用引导法从多个角度重新措辞数学问
题。(Wang et al., 2024a) 将代码集成到推理过
程中，使模型可以通过执行结果自我验证和纠
正其推理。
如 (Saxton et al., 2019)所指出的，解决数学
问题依赖于两个核心能力：语言理解和数学推
理。现有的数据生成方法主要关注前者，而对
推理的结构性方面关注有限。结果，它们通常
会面临以下问题：

1. 标签缺失：在无法访问中间计算过程的
情况下，生成新问题的准确答案对于现
有方法而言是具有挑战性的 (Wang et al.,
2024a)，更不用说提供步骤级别的监督了。

2. 依赖于代理的质量：推理路径和答案的质
量在很大程度上取决于代理，这使生成过
程容易受到诸如幻觉 (Lai et al., 2024) 和
奖励攻击 (Skalse et al., 2022; Luong et al.,
2024)等问题的影响。

3. 有限数据扩展：由于受制于代理的推理能
力，现有方法难以生成超出代理能解决的
问题。

在这项工作中，我们强调结构信息在数学推
理中的作用，并利用它来生成结构化推理数
据。如图 ??所示，从现有问题出发，我们将其
推理过程转化为可执行的 Python 代码，这简
化了语义并将推理限制在一个计算结构内。程
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序由代码-推理对组成，其中每一行计算一个
中间结果，并用相应的推理步骤进行注释。这
既提供了真实数据又提供了步骤级监督（解决
问题 1），同时也捕捉到步骤之间的依赖关系。
利用这种结构，我们通过对代码进行最小改动
来生成新问题。
所提出的方法将数学问题生成的任务分解为
两个任务：首先，对代码进行局部干预，以确
保中间步骤的正确性（解决问题 2）；其次，由
代理进行翻译，将修改后的代码转换为连贯的
问题和推理过程。通过获取上下文和答案，问
题生成变为翻译任务而非推理任务，从而减少
对模型推理能力的依赖，并允许问题难度超出
代理的能力范围（解决问题 3）。
此外，通过利用结构信息，我们将解决方案
分解为若干步骤，并通过步骤数量来量化问题
的复杂性。尽管之前的研究 (Qi et al., 2025)表
明复杂性会影响模型性能，但很少有研究提供
量化的方法来测量复杂性或提供带有此类注释
的数据集。我们的方法通过分析和注释带有步
骤信息的真实世界数据集来弥补这一空缺。
这项工作的贡献总结如下：

• 从方法论的角度来看，我们提出了一种新
方法，利用结构信息来监控、指导和干预
数学推理。该结构能够生成具有步骤级和
结果级监督的干预数据。重要的是，它使
我们能够通过步骤计数来量化问题的复杂
性。

• 从数据的角度来看，我们基于 MATH 和
GSM8K创建了更具挑战性的数据集。与
现有方法不同的是，我们的数据集源自可
执行代码，确保了更可靠的计算过程。

• 从模型的角度来看，我们在自己的
数据集上微调了 Qwen-2-7b、Mistral-7b
和 LLaMA-3-8b 系列模型。在 MATH 和
GSM8K上的实验结果显示了我们数据的
优越性能。

为了提高大型语言模型（LLMs）的数学推理
能力，提出了多种方法，通常分为两类：（1）基
于提示的方法和（2）基于微调的方法。基于提
示的方法使用精心设计的提示来引导推理，而
不改变模型参数。例如，链式思维（CoT）提示
模型将问题分解为子步骤，生成通往答案的中
间推理路径。基于微调的方法通过指令微调改
进开源 LLMs，通常利用数据增广来创建有效
的训练数据。拒绝采样微调（RFT）使用训练
的奖励模型从候选项中选择最佳的推理路径。
MetaMath 从多个角度重写问题以扩展训练数
据。WizardMath 应用强化使用进化指令技术，

从 GSM8K和MATH中生成新问题，然后将它
们用于 SFT和 PPO训练以提高推理能力。现
有方法通常遵循“问题-答案”工作流，这依赖
于 LLM来生成最终答案。然而，对于复杂问
题，有限的推理能力可能导致不可靠的输出。
相比之下，我们基于微调的方法采用逆向“答
案-问题”工作流来生成可靠的逐步推理数据。
由于众所周知，大型语言模型在算术计算中
不太可靠，因此一些研究尝试通过引入代码以
提高准确性。例如，GSM8K数据集在解决方案
中嵌入代码以获得中间结果。CSV方法使用基
于提示的代码生成来计算和验证中间步骤。在
此基础上，Wang等人引入了MathCodeInstruct
数据集，该数据集为每个问题包括自然语言、
代码和执行输出，从而能够通过微调来改善推
理。然而，很少有方法探索或利用数学问题中
固有的结构信息。此外，Xie et al. (2024)通过
解析代码程序获得了这种结构信息，并使用抽
象语法树结构化地生成对抗性示例以进行模型
评估。在基于代码的方法基础上，我们的工作
充分利用程序中的隐含依赖关系来生成准确的
中间步骤，并通过扩展代码结构构建更具挑战
性的问题。
我们基于 MATH (Hendrycks et al., 2021) 和

GSM8K (Cobbe et al., 2021)数据集构建了我们
的数据集。如图 ??所示，我们的方法分为两
个阶段。首先，我们指导代理将原始推理过程
转化为代码程序，其中相应的推理过程在每个
代码块之前进行了注释。在此基础上，我们对
代码进行干预，并将修改后的程序转化为新问
题和推理过程。此外，我们引入了多级验证机
制来控制生成数据的质量。

1.1 从推理过程提取结构
对于给定的问题 q 及其相应的解决过程 s =
(t1, t2, ..., tm)，其中 ti 表示自然语言步骤，我
们要求代理将推理过程翻译成一个解决方案程
序，该程序交织了逐步推理与代码块。代码生
成的提示可以在附录 ??中找到。
基于此，我们解析程序并将其表示为树状的
计算图 1 ，如图 ?? 所示。在这个图中，叶子
节点表示问题中提到的变量，根节点表示问题
的最终答案，而中间节点与不同的推理步骤相
关。
值得注意的是，尽管我们的计算结构类似于
抽象语法树（AST）(Xie et al., 2024)，但它通
过用中间变量替换操作节点而有所不同。这个
设计允许我们捕捉变量之间的依赖关系，并理
解每个变量如何对最终结果产生影响。例如，
在图 ?? 中，变量 daises 影响 non\_roses 和

1为了便于解释，我们使用树形类比，尽管这种结构
允许在严格的树定义上有所偏差。
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total。因此，修改 daises 会影响这些变量，
并最终改变最后的输出。

1.2 结构干预

基于在第 1.1节获得的结构，生成新问题的最
简单方法是修改叶节点（问题中的变量），然后
通过计算结构获得新的中间计算步骤和最终结
果。值得注意的是，虽然 PAL (Gao et al., 2023)
以类似方式构建新的问题，我们的方法明确地
将中间推理步骤与代码相关联，使我们能够通
过模式匹配轻松生成新的计算步骤。
尽管上述干预方法产生了新的问题，它仍然
在本质上依赖于原始的计算结构。先前的工作
(Saxton et al., 2019; Qi et al., 2024)指出，长推
理问题显著影响 LLM的性能。从训练的角度
来看，长推理问题也可以提高模型的泛化能力
(Saxton et al., 2019)。鉴于这些因素，我们建议
利用计算结构来构建需要较长推理步骤的更难
的数学问题。
具体来说，给定一个图结构 G(T,E)，其中

T = {t1, t2, . . . , tm}代表对应于各个推理步骤
的变量节点，E 代表变量关系节点，我们首先
从叶节点和中间节点中随机选择一个节点 ti ，
并生成一个代理节点 t′i ，该节点从 ti 映射而
来。即 t′i = f(ti)，其中函数 f 可以看作是对
ti的干预。如图 ??所示，我们引入一个代理变
量 EXTRA\_VAR，并用这个新变量替换 daises，
用于后续计算。由于编程语言的顺序特性，所
有涉及 daises的计算都会出现在修改后的代
码行之后。因此，这种干预可以通过在后续代
码中将所有出现的 ti替换为 t′i来轻松实现。
为了获得映射函数 f ，由于 GSM8K问题仅
涉及到小学算术，我们将 f 设置为简单的加
法、减法或乘以一个随机值。需要注意的是，
由于除法经常导致不直观或与事实相悖的结果
（例如，“0.3人”），因此在实验中被排除。由
于 MATH 问题涉及到更为复杂和特定领域的
数学运算，我们允许代理决定如何引入新的推
理步骤。更多细节可以在附录 ??中找到。
基于修改后的结构，我们要求代理将其转化
为一个新的推理过程，并生成一个相应的问
题。在此过程中，原始问题和解决代码也作为
上下文信息提供给代理。由于修改后的程序与
原始程序只有轻微差异，代理只需调整修改的
部分。为了指导准确计算，我们将每行代码的
执行结果标注为真实值。推理和问题生成的提
示在附录 .3中提供。

1.3 质量控制

我们采用多层次验证方法来确保干预数据的质
量，包括（1）本地代码执行和（2）代理评估。

Dataset GSM8K tr MATH tr GSM8K te MATH te

Code Gen. 7.1K 6.0K 1.3K 3.9K

Extension 14.3K 11.6K 3.2K 2.9K

Total 39.0K 11.3K

Table 1: 在所提议的数据集中代数的数量，其中 tr
表示训练集，te表示测试集，“Code Gen”代表直
接从原始推理过程翻译的样本，“Extension”代表
在结构扩展后获得的样本。

对于局部验证，我们将生成代码的执行结果
与原始文本中的真实情况进行比较，以验证在
第 1.2节中生成的代码的正确性。对于结构性
干预，我们将修改后的代码中每个变量的执行
结果与原始结果进行比较，并过滤掉出现数值
符号反转（例如，正数变为负数）或数据类型
更改（例如，整数变为浮点数）的情况。
尽管提供了推理过程的真实答案，大型语言
模型（LLMs）仍可能生成反事实的输出或产
生不匹配的问题和推理过程。为了缓解这一问
题，在代理评估中，我们首先要求代理在生成
过程期间进行自我评估。此外，为了防止其输
出过于自信（即情境意识问题 (Berglund et al.,
2023)）并减少单一模型引入的认知偏差，我
们采用来自不同系列的外部模型来评估生成结
果。只有通过自我评估和外部代理评估的数据
才会被保留。在这项研究中，我们使用 Claude-
3-5-Sonnet模型进行数据生成，并使用 GPT-4o
进行评估。虽然我们的方法对所用模型没有
严格要求，但我们发现 Claude-3-5-Sonnet相较
于 GPT-4o生成了语义更丰富的问题。我们还
进行了人工评估，以评估和审查生成数据的质
量，详细信息在附录 ??中提供。
在本节中，我们首先介绍所提出数据集的详
细信息。然后，我们在所提出的基准上测试最
先进的大型语言模型（LLMs）。最后，我们
通过展示在 Mistral、Qwen和 Llama系列模型
上的微调结果，证实我们数据的有效性。我们
使用两个广泛使用的数学数据集生成我们的数
据：(1) GSM8K，这是一个小学数学数据集，包
含 7,473个训练样本和 1,319个测试样本；(2)
MATH，它包含 7,500 个训练样本和 5,000 个
测试样本，涵盖五个难度级别和七个科目的高
中竞赛级问题。两个数据集都提供完整的解题
过程，这促进了我们方法的代码生成过程。表
格显示了从 GSM8K 和 MATH 生成的样本数
量。我们通过仅在之前成功的生成基础上进行
干预来应用渐进扩展。对于训练集 GSM8K和
MATH，每个样本最多经历三轮干预，而对于
测试集，我们允许最多八轮。如果在对一个问
题进行干预后没有产生有效样本，我们就停止
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Figure 1: 不同数据组件中的步骤分布。

对该问题的进一步尝试。这个过程重复三次，
结果总共生成了 5万对带有中间推理步骤的问
题和答案。其中，来自原始训练集的 3.9万个
样本（包括“代码生成”和“扩展”）用于模型训
练，而来自测试集的 6,100个“扩展”样本则用
作测试基准，以评估模型在更具挑战性数据上
的性能。我们将我们的基准称为“Math-Struct”
和“GSM8K-Struct”。

难度分布 我们的方法将整体推理过程分解为
单个步骤。正如在 (Qi et al., 2024) 中指出的，
问题难度受任务的内在复杂性影响，这体现在
所需推理步骤的数量上。基于此，我们通过测
量每个问题中的步骤数量来分析原始样本和干
涉样本的难度分布。
具体而言，在获得给定问题的解答代码后，
我们统计第一级缩进的代码块数量作为求解步
骤的近似值。使用这一衡量标准，我们绘制了
在原始数据和每次干预后的干预数据中求解步
骤数量的频率分布直方图，结果如图 1所示。
总体而言，与原始分布相比，干预后的步长
分布向右移动，表明数据集难度增加。对原始
和干预分布的进一步比较显示，大多数干预后
的数据点位于原始分布的右侧。这表明我们的
干预方法生成了更多具有更长求解步骤的问
题。
从干预轮次 # 1到干预轮次 # 8的趋势来看，
我们观察到随着生成轮次的增加，问题变得
更加复杂和困难。这种复杂性的增加使得模
型更难理解这些问题，导致成功生成的数据
量减少。为了清楚地了解各种模型在不同难
度级别问题上的性能，我们使用最先进的模
型对原始问题及其扩展版本进行了广泛的评

估。包括 GPT-o1 2 (OpenAI, 2024b) 、GPT-4o
(OpenAI, 2024a) 、Claude-3-5-Sonnet (An-
thropic, 2024)、Qwen2.5-MATH-Instruct (Yang
et al., 2024) 、Llama-3.3 (Llama team, 2024)
和 Mistral-Large-Instruct (Mistral AI team,
2024a)。我们评估了更多的模型，并在附录 ??
中提供了它们的结果。
我们采用了 MathCoder 3 使用的提示格式，
要求模型在 \boxed{} 标签内包含它
们的答案。所有模型都在零样本设置下进行测
试，并使用基于单次生成的准确性作为评估指
标。
图 2 显示了不同模型在不同难度级别问题
上的表现整体而言，随着推理步骤的增加，所
有模型的性能都有所下降，这支持了现有观点，
即较长的推理步骤对应更具挑战性的问题。如
图 1所示，在MATH数据集中，超过 15步的
样本较少，这导致了在这个范围内模型性能的
更大波动。
由于 Claude-3-5-Sonnet和 GPT-4o参与了数
据生成过程，生成的数据不可避免地携带了
一些它们的偏见。Claude-3-5-Sonnet和 GPT-4o
在数据生成时倾向于保留它们能够理解的问
题，这有助于它们整体上表现优异。然而，需
要强调的是，在生成阶段，模型完全依赖于它
们的理解和创造力，因为每一步都提供了监督
信息。相比之下，在评估阶段，缺乏这样的指
导信息，它们的表现取决于它们的推理能力。
值得注意的是，GPT-o1 模型的性能低于我
们的预期。在附录 .2中，我们检查了 GPT-o1
产生错误答案的样本，发现 GPT-o1在长推理
过程中往往忽略关键信息并出现简单的计算错
误。由于据报道 o1存在 ‘‘变笨’’的问题 4，因
此需要注意目前的评估结果可能无法准确反映
o1的真实性能。
在附录 .1中，我们评估了使用不同干预轮次
生成的数据集上的模型性能。我们观察到，随
着轮次增加，性能下降，这表明额外的干预导
致问题变得更加具有挑战性。为了处理自动生
成可能带来的质量问题，在附录 ??中，我们
关注于由 Claude-3.5-Sonnet和 GPT-4o两者都
进行正确推理的样本子集。然后，我们对这些
经过验证的样本的合并进行所有模型的评估。
正如附录 ??所示，这个子集上的性能趋势与
图 4中的趋势一致，进一步确认了我们数据的
可靠性。

2为了节省成本，我们仅在扩展数据集上评估了 GPT-
o1的性能。

3https://github.com/mathllm/MathCoder/blob/
main/src/inference.py

4https://community.openai.com/t/is-anyone-
elses-gpt-4o-and-o1-suddenly-acting-dumb
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Figure 2: 不同步骤的基准测试结果。

在这一部分，我们使用生成的数据进行模型
训练，以验证生成的数据在提高模型推理性能
方面的有效性。根据表格 1，我们从 GSM8K tr

和 MATH tr 数据集里选择了总共 39K的数据，
包括代码生成和扩展任务，用于模型训练。我们
比较了 MathCoder (Wang et al., 2024a) 、Meta-
Math (Yu et al., 2024) 、Math-Shepherd (Wang
et al., 2024b)、MammoTH (Yue et al., 2024)和
MathScale (Tang et al., 2024b)数据集。为了公
平比较，我们从每个数据集中选择了 39K的数
据以与我们的数据集尺寸匹配。由于MetaMath
包含了四类：‘ AnsAug’，‘ FOBAR’，‘ Rephrase’，
‘ Self-Verification’，对于每种类别，我们平
均选择了 4875个样本。对于其他数据集，我
们随机选择了 39K个样本。

我 们 选 择 了 四 个 基 线 SFT 模 型：
Mistral-7b-v0.1 (Jiang et al., 2023)
、Qwen-2-7b (Qwen Team, 2024) 和
Meta-Llama-3-8b (Llama team, 2024) 。使
用 Llamafactory 训练框架 (Zheng et al., 2024)
，我们在 8 个 A100 GPUs 上训练这些模型。
我们将序列长度设置为 2048，并对每个模型
进行两轮的全参数微调。对于所有模型，批
量大小设置为 256。所有模型的学习率从集
合 { 1e-5, 2e-5, 2e-6 } 中选择。
由于 MathCoder 和我们的数据集中都包含
Python代码，我们引入了两个特殊的标记，<|
start\_code> 和 <| end\_code>，以便在使用
这些数据集进行微调时清楚地区分代码和文
本内容。对于其他模型，我们根据原始论文
(Yu et al., 2024)采用 Alpaca风格的 (Taori et al.,
2023)提示进行训练。训练提示在附录 .5中提
供。

1.4 原始数据集上的结果

我们首先使用原始的 GSM8K 和 MATH 数据
集评估了在不同数据集上训练的模型，如表 ??
所示。我们的数据集实现了最佳的总体性能，
大多数情况下排名前两名。 由于指令跟随能
力有限，Mistral-7B和 Llama-3-8B基线表现不
佳，但在微调后显示出显著的提升。我们观察
到，在大多数数据集上微调 Qwen-2-7B会导致
性能下降，这可能是由于灾难性遗忘所致。我
们在附录 A中对此问题进行了详细分析。
我们进一步评估了微调模型在所提出基准上
的表现，并在图 ??中展示了各模型在不同难
度问题上的表现分布。与图 2类似，所有方法
在问题的推理长度增加时表现均有所下降。然
而，整体上，使用我们数据微调的模型在所有
难度级别的问题上表现更好。值得注意的是，
对于Mistral-7b和 Qwen-2-7b模型，MetaMath、
MAmmoTH 和我们的方法在较容易的问题上
表现出相当的推理性能，但当问题难度增加
时，它们的性能迅速下降。这表明，我们的数
据有助于提高大规模语言模型的长程推理能
力。

1.5 框架的多功能性

鉴于 GSM8K 和 MATH 在数据生成研究中的
广泛使用，并包含大量具有逐步推理过程的
问答数据，我们将我们的数据生成基于这两
个数据集。然而，我们强调我们的方法不仅限
于 GSM8K和MATH。为了展示其更广泛的适
用性，我们将我们的生成框架应用于更难的数
学问题，并在下面展示了 AIME_2024 (MAA,
February 2024) 数据集上的一个生成示例。由
于空间限制，我们仅展示原始问题和生成问题
之间的区别。
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Origin: ...She wins a prize if at least
two of her numbers were $2$

of the randomly chosen
numbers , and wins the grand prize if
all four of her numbers were the

randomly chosen numbers ...

New: ...She wins a small prize if
exactly two of her numbers were
among the randomly chosen numbers , a
medium prize if exactly three

numbers match , and the grand prize
if all four of her numbers match ...

此外，我们的方法不仅限于数学问题，还可以
应用于任何可以通过代码表示推理过程的任
务。为了说明这一多功能性，我们展示了一个
基于 MBPP (Austin et al., 2021) 数据集并通过
我们的干预框架生成的编程问题：

Origin: Write a function to find minimum
of three numbers.

New: Write a function that finds the
minimum and maximum of three numbers
and returns a tuple containing: (1)
the minimum value , (2) the count of
how many times this minimum value

appears , (3) the maximum value , and
(4) the count of how many times this
maximum value appears among the

three numbers. Additionally , if the
minimum and maximum are the same
number (meaning all three numbers
are equal), return (-1, -1, -1, -1).

欲获取上述示例的完整问题和解决方案，请参
阅附录 ??。
在这篇论文中，我们探讨了结构信息在数学
推理中的作用，并展示了其各种应用和重要
性。基于结构数据，我们可以通过计算推理步
骤来量化问题的难度，在中间步骤获取监督，
并干预结构以生成更具挑战性的样本。据我们
所知，目前尚无研究利用结构信息对推理问题
的难度进行量化评估和干预。我们强调，结构
信息的效用不仅仅限于这些应用。通过使用代
码作为媒介，推理结构形成了一个比自然语言
更狭窄且更可预测的通道，使我们能够追踪当
前变量如何影响后续计算。此外，计算结构固
有的有向无环性质为推理步骤提供了拓扑顺
序，可以用于指导和限制结构干预。我们计划
在未来的工作中进一步探索这种拓扑结构的潜
力。
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2

局限性
与其他数据生成方法相比，我们研究的主要
局限性是生成过程效率较低，这很大程度上
是由于使用了多级验证策略来确保数据质量。
由于生成的数据可能包含个体被分配过多工
作量或食物的情况，虽然这不会影响算术本
身，但常常被 GPT-4o基于常识判断标记为不
正确。因此，只有 51.4 %的 GSM8K和 35.4 %
的 MATH 样本被保留。虽然成功生成了大约
42 %的MATH生成结果和 21 %的 GSM8K生
成结果，但在 GPT-4o评估后被舍弃。为了确
保数据质量，我们在分析中没有使用这些被丢
弃的样本。然而，值得注意的是，由于我们的
方法潜在地确保了计算过程的正确性，这些被
丢弃的数据仍包含具有正确计算的监督过程。
正如在 (Yu et al., 2024)中指出的那样，错误的
推理过程仍可能有助于提高模型的推理能力。
为了验证这一点，我们结合失败和成功的生成
以训练 LLM在混合数据集上。结果和分析在
附录 B中提供。结果显示，包含错误数据似
乎可以提高对数学问题的性能，这表明在未来
工作中有进一步探索的潜力。
另一个导致生成效率低的因素是我们的过程
是增量式的而非重复性的：第 (k + 1)次生成
步骤是基于第 k次干预的样本，逐步增加了问
题的难度。虽然我们的生成过程减缓了模型的
推理能力，但随着推理步骤的增加，模型逐渐
难以理解所呈现的问题和推理步骤，使生成过
程更容易失败。虽然反复干预可能有助于增加
数据量，如我们之前提到的，这会导致大量数
据被丢弃。考虑到我们生成的数据涉及与原始
问题不同且难度更高的推理过程，一个更好的
方法可能是将其与基于释义的现有方法结合，
从而更有效地增加数据量。这将是我们未来研
究的方向。
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包括来自 GPT 系列的模型 ( GPT-o1,
GPT-4o) (OpenAI, 2024b,a) ，Claude 系 列
( Claude-3-5-Sonnet) (Anthropic, 2024)
，Qwen 系 列 ( Qwen2.5-MATH-Instruct,
Qwen-2.5-Instruct) (Yang et al., 2024)
，Llama-3 系 列 ( Llama-3.3, Llama-3.1
(Llama team, 2024) )， 以 及 Mis-
tral 系 列 ( Mistral-Large-Instruct,
Mistral-Nemo-Instruct) (Mistral AI team,
2024a,b)。评估结果如图 3所示。在同一系列
的模型中比较，我们观察到较大的模型通常在
需要较长推理步骤的问题上表现更好。这表明
拥有更多参数的模型具有更强的长步骤推理能
力。

.1 不同干预次数的结果

请注意，我们使用一种渐进的方法生成数据，
其中每个后续干预都是基于前一个生成的数
据。在本节中，我们展示了不同模型在每个阶
段干预数据上的表现。如图 4所示，随着干预
阶段的推进，模型性能普遍下降，这表明生成
数据的难度随着每个阶段的增加而增加。
考虑到在模型生成过程中可能仍然会发生
错误，我们通过 Claude-3-5-Sonnet 和 GPT-4o
的性能过滤数据，进一步验证评估结果的可
靠性。具体来说，我们假设 Claude-3-5-Sonnet
和 GPT-4o正确回答的问题是正确的。在此假
设的基础上，我们选择被 Claude-3-5-Sonnet和
GPT-4o 正确回答的问题，并将两者的并集作
为过滤后的正确数据子集。然后我们观察所有
模型在该子集上的性能变化，如图 5所示。与
图 2相比，我们可以看到过滤后数据集上的性
能趋势与完整数据集的趋势相似。这进一步表
明，推理步骤数量的增加提高了问题的难度，
导致模型性能逐渐下降。
为了进一步验证我们数据集的质量，我
们进行了人为评估。我们从 MATH-Struct 和
GSM8K-Struct中随机抽取了 30个实例。为确
保评估质量，我们邀请了两位志愿标注者评估
数据集，具体包括：（1）合格的标注者：两位
标注者都非常合格，在计算机科学领域有超过
四年的经验。（2）标注者之间的一致性：标注
者们通过合作解决分歧并确保一致性，以保持
高度的一致性和可靠性。
对于每个问题，我们提供相应的标准答案和
推理过程。然后，注释人员必须确定问题是否：

1. 有效问题（VQ）：问题明确、无歧义，并
且可以合理解决。

2. 不清楚或模糊的问题 (UAQ)：问题含糊不
清或可以有多种解释。

3. 不完整问题 (IQ)：问题缺乏关键信息，因
此无法解决。

4. 多重可能答案（MPA）：由于缺少约束条
件，该问题允许多个正确的解决方案。

5. 与真实值不匹配 (MGT)：该问题与给定的
真实值不一致，使得评估不可靠。

我们的人工评估结果如图 6所示。可以观察
到，有效问题（VQ）几乎占到 90.0 %，这进
一步证实了我们数据集的高质量。
从图 7 到图 11 ，我们展示了 Claude-3-5-

Sonnet和 GPT-4o无法正确回答的例子，这表
明我们的方法可以生成超出代理能力的问题。
为了证明其更广泛的适用性，我们将我们的
框架应用于更复杂的数学问题（AIME\_2024
(MAA, February 2024)）并在图 12中展示了一
个生成的示例。在生成的问题中，添加的步骤
istotal\_medium\_or\_better = ways\_three\_mat
ch + ways\_four\_match 修改了条件概率计
算，以仅考虑至少有中等奖（3 或 4 个匹配）
的情形，这不同于原始问题，其中包括了所有
获奖情形（2、3或 4个匹配）。
此外，我们的方法适用于任何可以通过代码
表示推理过程的任务。为了展示这种多功能
性，我们将其应用于编程问题。图 13展示了
我们框架在 MBPP (Austin et al., 2021) 数据集
上的输出。

.2 GPT-o1的定性错误分析
图 14 到 17 包括一些由 OpenAI 的 GPT-o1 模
型给出的错误答案的典型案例。
图 14显示该模型未能处理短语“但改变了
主意，决定不再购买任何餐具”，导致总价计
算错误。这表明在理解否定和情境变化方面存
在不足，暗示该模型在处理对先前信息的修改
时存在困难。提高其识别和适应此类情境变化
的能力将提升类似任务的准确性。
从图 15 到图 17 的问题突出了一个关键弱
点：模型在处理大型数值计算时挣扎，从而导
致错误。这表明它在准确处理复杂算术方面存
在局限性。
我们在图 18中展示了代码生成的提示。

.3 代码翻译提示
我们在图 19 中展示了用于 GSM8K 数据集的
代码生成提示，并在图 20中展示了用于MATH
数据集的代码生成提示。由于 MATH 中问题
的专业性和复杂性更高，我们选择让代理来确
定具体的干预措施，从而生成更合理的问题。

.4 用于 GPT评估的提示
我们在图 21中提供了 GPT-4o的评估提示。
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Figure 3: 额外的基准测试结果。
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Figure 4: 不同干预次数的基准测试结果。
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Figure 5: 筛选子集在不同推理步骤上的基准测试结果。

11

www.xueshuxiangzi.com



89.2%

3.3%
0.8%

6.7%

VQ UAQ IQ MPA MGT

Figure 6: 人工评估结果。

.5 用于训练和推理的提示
我们使用相同的提示格式进行训练和推理，如
图 22所示。

A 灾难性遗忘分析

在表 ??中，我们观察到 Qwen-2-7B在大多数
数据集上进行微调时性能下降，我们将其归因
于灾难性遗忘。为了验证这一点，我们测量了
由预训练模型正确回答但在使用我们数据集进
行微调后回答错误的 MATH 和 GSM8K 样本
比例。如表 2所示，大约 9.1 %的MATH样本
从正确变为错误。值得注意的是，预训练模型
在 MATH 上的准确性达到 46.2 %，比微调模
型高出 6.5 %（39.7 %），这低于观察到的遗忘
率。这支持了我们的假设，即性能损失主要是
由于微调过程中的知识遗忘。

GAM8K MATH

2.5 % 9.1 %

Table 2: 在微调之后，MATH和 GSM8K数据集中
的误导性答案比例。

为了进一步支持这一结论，我们展示了预训
练和微调的 Qwen-2-7B 模型在同一问题上的
输出。如图 23所示，预训练模型往往会产生
更长的回答，并积极利用其背景知识来解决问
题。相比之下，微调模型提供的回答更受限，
仅专注于眼前的问题。鉴于解决数学问题通常
需要检索并应用数学知识，我们假设微调抑制
了这种检索能力，从而导致了观察到的性能下
降。

B 通过失败生成进行训练

为了探索错误数据的潜在价值，我们结合了失
败和成功的生成来训练 LLM，并评估它们在

MATH和 GSM8K数据集上的表现。如表 3所
示，尽管结合的数据略微降低了 GSM8K的性
能，但却改善了 MATH 的数据表现，这表明
错误数据可能在更复杂的推理任务中仍然提供
有用的学习信号。这些结果表明，引入错误数
据可以进一步增强 MATH中的专门数学知识，
从而提高模型性能。

Dataset Success (39K) Success+Failure (100k)

Mistral-7b
GSM8K 68.31 % 67.70 % ↓
MATH 16.90 % 18.62 % ↑

Llama-3-8b
GSM8K 71.34 % 70.51 % ↓
MATH 19.70 % 22.66 % ↑

Table 3: 使用失败生成进行微调。
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Example from GSM8K

Original Question:
A robe takes 2 bolts of blue fiber and half that much white fiber. How many bolts in total does it take?
Answer:

Original Solution Code

def solution():
# <reason>The robe takes 2 bolts of blue fiber.</reason>
blue_fiber_bolts = 2 # 2
# <reason>The white fiber needed is half of the blue fiber, so it takes 2/2=«2/2=1»1 bolt of white

fiber.</reason>
white_fiber_bolts = blue_fiber_bolts / 2 # 1.0
# <reason>The total amount of fabric needed is 2+1=«2+1=3»3 bolts.</reason>
total_bolts = blue_fiber_bolts + white_fiber_bolts # 3.0
# <reason>The result is 3 bolts in total.</reason>
result = total_bolts # 3.0
return result

New Question:
A grand ceremonial robe takes 2 bolts of blue fiber. The design first needs to be made 5 times larger. Due to a rare
celestial event, the design must be made 9 times more intricate before being made 6 times more elaborate for the winter
festival. The white fiber needed is still half of the blue fiber amount. Due to an unexpected surge in festival attendance,
the grand master needs 162 extra bolts. Furthermore, due to a special royal decree, an additional 810 bolts are required
for ceremonial banners. How many more bolts in total are needed compared to the original estimate of 18 bolts?
Answer:

New Solution Code

def solution():
# <reason>The basic robe design starts with 2 bolts of blue fiber.</reason>
blue_fiber_bolts = 2 # 2
# <reason>First, the design is made 5 times larger, requiring 2 * 5 = 10 bolts.</reason>
larger_design_bolts = blue_fiber_bolts * 5 # 10
# <reason>Due to the celestial event, the design must be made 9 times more intricate.</reason>
op_var = 9 # 9
# <reason>The intricate design now requires 10 * 9 = 90 bolts.</reason>
extra_var = larger_design_bolts * op_var # 90
# <reason>Then, for the festival version, we need 6 times as much blue fiber as the intricate design, so 90 *

6 = 540 bolts of blue fiber.</reason>
festival_blue_fiber_bolts = extra_var * 6 # 540
# <reason>The white fiber needed is half of the blue fiber, so it takes 540/2 = 270 bolts of white

fiber.</reason>
white_fiber_bolts = festival_blue_fiber_bolts / 2 # 270.0
# <reason>The new design requires a total amount of 540 + 270 = 810 bolts.</reason>
total_bolts = festival_blue_fiber_bolts + white_fiber_bolts # 810.0
# <reason>The initial difference between the new design requirement (810 bolts) and the original estimate

(18 bolts) is 810 - 18 = 792 bolts.</reason>
bolts_difference = total_bolts - 18.0 # 792.0
# <reason>With the 162 extra bolts needed for increased attendance, the total additional requirement be-

comes 792 + 162 = 954 bolts more than the original estimate.</reason>
additional_bolts_needed = bolts_difference + 162.0 # 954.0
# <reason>Adding the 810 bolts required by the royal decree for ceremonial banners, we need 954 + 810 =

1764 more bolts than originally estimated.</reason>
total_additional_bolts = additional_bolts_needed + 810.0 # ?
# <reason>The final result is 1764 bolts more than originally estimated.</reason>
result = total_additional_bolts # ?
return result

Figure 7: 来源于 GSM8K的扩展问题。
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Example from GSM8K

Answer by Claude-3-5-Sonnet

Answer:
Let me help solve this step by step.
1) Let’s first establish the base amount:

- Original estimate = 18 bolts
2) Calculate how the design changes affect the amount:

- 5 times larger Œ 9 times more intricate Œ 6 times more elaborate
- 5 Œ 9 Œ 6 = 270 times the original amount

3) Calculate new amount after design changes:
- 18 Œ 270 = 4,860 bolts

4) Add extra bolts needed:
- Additional due to surge: 162 bolts
- Additional for banners: 810 bolts
- Total extra: 162 + 810 = 972 bolts

5) Calculate total new amount:
- 4,860 + 972 = 5,832 bolts

6) Find difference from original estimate:
- 5,832 - 18 = 5,814

Therefore, 5,814 more bolts are needed compared to the original estimate.%

Answer by GPT-4o

Answer:
To solve the problem step by step, let’s break down each part of the problem and make calculations as neces-
sary:
1. Initial Blue Fiber Requirement:

- Initial requirement for the robe is 2 bolts of blue fiber.
2. Design Enlargement:

- The design needs to be made 5 times larger. If the base requirement is 2 bolts, then 2× 5 = 10 bolts are
needed just for the size increase.
3. Increased Intricacy:

- The design must be made 9 times more intricate. Hence, multiplying the enlarged design’s requirement
by 9 gives us 10× 9 = 90 bolts.
4. Elaboration for the Winter Festival:

- The design must then be made 6 times more elaborate. Therefore, multiplying the requirement by 6 yields:
90× 6 = 540 bolts of blue fiber.
5. White Fiber Requirement:

- The white fiber required is half of the blue fiber amount. Therefore, if the blue fiber needed is 540 bolts,
then the white fiber requirements would be 540

2
= 270 bolts.

6. Total Fiber Requirement (excluding extras):
- Blue fiber: 540 bolts
- White fiber: 270 bolts
- Total without extras: 540 + 270 = 810 bolts

7. Additional Bolt Requirements:
- An additional 162 bolts are needed due to a surge in festival attendance.
- An additional 810 bolts are required due to a special royal decree for ceremonial banners.

8. Total Additional Bolts:
- Additional from festival attendance: 162 bolts
- Additional from royal decree: 810 bolts
- Total additional bolts: 162 + 810 = 972 bolts

9. Total Bolts Needed:
- Total from the enlarged, intricate, and elaborate design plus additional requirements: 810 + 972 = 1782

bolts
10. Comparison with the Original Estimate:

- The original estimate is 18 bolts.
11. Difference in Requirement:

- Total more bolts needed compared to the original estimate: 1782− 18 = 1764 .

Therefore, the total number of additional bolts needed compared to the initial estimate is \boxed { 1764 } .

!

Figure 8: 由 Claude-3-5 Sonnet和 GPT-4o生成的答案。
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Example from MATH

Original Question:
If 5x− 3 = 12 , what is the value of 5x+ 3 ?
Answer:

Original Solution Code

def solution():
# <reason>From the equation 5x− 3 = 12 , we can solve for 5x by adding 3 to both sides.</reason>
right_hand_side = 12
constant_term = 3
# <reason>Adding 3 to both sides gives 5x = 12 + 3 = 15 .</reason>
five_x = right_hand_side + constant_term
# <reason>Now for the expression 5x+ 3 , we take the value of 5x which is 15 and add 3.</reason>
# <reason>Therefore, 5x+ 3 = 15 + 3 = \boxed { 18 } .</reason>
result = five_x + constant_term
return result

New Question:
If 5x− 3 = 12 , what is the value of (5x+ 3)5 − (5x− 3)5 + (5x)5 ?
Answer:

New Solution Code

def solution():
# <reason>From the equation 5x− 3 = 12 , we can solve for 5x by adding 3 to both sides.</reason>
right_hand_side = 12
constant_term = 3
# <reason>Adding 3 to both sides gives 5x = 12 + 3 = 15 .</reason>
five_x = right_hand_side + constant_term
# <reason>Now for the first expression 5x+ 3 , we take the value of 5x which is 15 and add 3.</reason>
expression1 = five_x + constant_term
# <reason>Therefore, 5x+ 3 = 15 + 3 = 18 .</reason>
# <reason>For the second expression 5x− 3 , we already know it equals 12.</reason>
expression2 = right_hand_side
# <reason>For the third expression 5x , we know it equals 15.</reason>
expression3 = five_x
# <reason>For fifth powers, we can use the difference of fifth powers formula: a5 − b5 = (a − b)(a4 +

a3b+ a2b2 + ab3 + b4) </reason>
a = expression1
b = expression2
# <reason>First calculate a− b = 18− 12 = 6 </reason>
difference = a - b
# <reason>Now we can compute (5x + 3)5 − (5x − 3)5 = 185 − 125 = (18 − 12)(184 + 183 ∗ 12 +

182 ∗ 122 + 18 ∗ 123 + 124) </reason>
result1 = difference*(a**4 + a**3*b + a**2*b**2 + a*b**3 + b**4)
# <reason>Finally, add (5x)5 = 155 to get the final result</reason>
result = result1 + expression3**5
return result

Figure 9: 扩展自数学的问题。
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Example from MATH

Answer by Claude

Answer:
Let me solve this step by step.
1) First, from 5x− 3 = 12

- Let’s solve for 5x
- 5x = 15
- Therefore, x = 3

2) Now, let’s substitute 5x = 15 into each expression:
- 5x+ 3 = 18
- 5x− 3 = 12
- 5x = 15

3) Our expression is (5x+ 3)5 − (5x− 3)5 + (5x)5

- This becomes 185 − 125 + 155

4) Let’s calculate each term:
- 185 = 1, 889, 568
- 125 = 248, 832
- 155 = 759, 375

5) Now let’s do the final calculation:
- 1, 889, 568− 248, 832 + 759, 375
- 1, 889, 568 + 759, 375− 248, 832
- 2, 648, 943− 248, 832
- 2, 400, 111

Therefore, \boxed { 2,400,111 }!

Figure 10: Claude-3-5-Sonnet的正确答案。
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Example from MATH

Answer by GPT-4o

Answer:
To solve the problem, we start by determining the value of x from the equation 5x− 3 = 12 .
Step 1: Solve for x

5x− 3 = 12

Add 3 to both sides to isolate the term with x :

5x = 12 + 3

5x = 15

Divide both sides by 5 to solve for x :

x =
15

5

x = 3

Step 2: Find the values of 5x+3 , 5x− 3 , and 5x , and then use these to find (5x+3)5 − (5x− 3)5 +(5x)5

For x = 3 :

5x = 5× 3 = 15

5x+ 3 = 15 + 3 = 18

5x− 3 = 15− 3 = 12

Now compute:

(5x+ 3)5 = 185

(5x− 3)5 = 125

(5x)5 = 155

We want to find:

(5x+ 3)5 − (5x− 3)5 + (5x)5

Substituting the known expressions:

185 − 125 + 155

Step 3: Simplify using algebraic identities
Notice that:

(5x+ 3)5 − (5x− 3)5

can be rewritten using the identity for the difference of two powers. However, direct computation is feasible
for specific integer substitutions like here.

= (185 − 125) + 155

we’ll actually find separately a = 18 , b = 12 , c = 15 , and verify simplified nodes. More insight into
simplification is if you notice symmetric material:
Thus separate terms:
Notice there’s symmetry in approximating:
If you alert yourself:

Throwback Insight:% （无意义的输出）
Arithmetic arithmetic:
Expertize
While these factors symmetric exposure releases:
therefore \boxed { 0 }

Figure 11: GPT-4o的错误答案。
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Example from AIME_2024

Original Question:
Jen enters a lottery by picking 4 distinct numbers from S = {1, 2, 3, · · · , 9, 10}. 4 numbers are randomly chosen from
S. She wins a prize if at least two of her numbers were 2 of the randomly chosen numbers, and wins the grand prize if
all four of her numbers were the randomly chosen numbers. The probability of her winning the grand prize given that
she won a prize is m

n
where m and n are relatively prime positive integers. Find m+ n .

Original Solution Code

def solution():
# <reason>Import math package for computing combinations.</reason>
from math import comb
# <reason>For getting exactly 2 numbers right: We have C(4,2) ways to choose which 2 of Jen’s 4 numbers

match the lottery,
# and C(6,2) ways for the lottery to choose the other 2 numbers from the remaining 6 numbers.</reason>
ways_two_match = comb(4, 2) comb(6, 2)
# <reason>For getting exactly 3 numbers right: We have C(4,3) ways to choose which 3 of Jen’s 4 numbers

match the lottery,
# and C(6,1) ways for the lottery to choose the last number from the remaining 6 numbers.</reason>
ways_three_match = comb(4, 3) * comb(6, 1)
# <reason>For getting all 4 numbers right: There is only 1 way - all numbers must match.</reason>
ways_four_match = 1
# <reason>Total number of favorable cases (winning a prize) is the sum of ways to get 2, 3, or 4

matches.</reason>
total_favorable_cases = ways_two_match + ways_three_match + ways_four_match
# <reason>Using Bayes’ Theorem, P(grand prize | prize) = P(grand prize) / P(prize) = 1/115.</reason>
m = 1 # numerator
n = total_favorable_cases # denominator
# <reason>The answer is m + n = 1 + 115 = 116.</reason>
result = m + n
return result

New Question:
Jen enters a lottery by picking 4 distinct numbers from S = {1, 2, 3, · · · , 9, 10}. 4 numbers are randomly chosen from
S. She wins a small prize if exactly two of her numbers were among the randomly chosen numbers, a medium prize
if exactly three numbers match, and the grand prize if all four of her numbers match. The probability of her winning
the grand prize given that she won at least a medium prize is m

n
where m and n are relatively prime positive integers.

Find m+ n .

New Solution Code

def solution():
# <reason>Import math package for computing combinations.</reason>
from math import comb
# <reason>For getting exactly 2 numbers right: We have C(4,2) ways to choose which 2 of Jen’s 4 numbers

match the lottery,
# and C(6,2) ways for the lottery to choose the other 2 numbers from the remaining 6 numbers.</reason>

ways_two_match = comb(4, 2) * comb(6, 2)
# <reason>For getting exactly 3 numbers right: We have C(4,3) ways to choose which 3 of Jen’s 4 numbers

match the lottery,
# and C(6,1) ways for the lottery to choose the last number from the remaining 6 numbers.</reason>
ways_three_match = comb(4, 3) * comb(6, 1)
# <reason>For getting all 4 numbers right: There is only 1 way - all numbers must match.</reason>
ways_four_match = 1
# <reason>For at least medium prize, we only consider cases with 3 or 4 matches.</reason>
total_medium_or_better = ways_three_match + ways_four_match
# <reason>Using Bayes’ Theorem, P(grand prize | medium or better) = P(grand prize) / P(medium or better)

= 1/25.</reason>
m = 1 # numerator
n = total_medium_or_better # denominator
# <reason>The answer is m + n = 1 + 25 = 26.</reason> result = m + n
return result

Figure 12: 来自 AIME_2024的扩展问题。
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Example from MBPP

Original Question:
Write a function to find minimum of three numbers.
Original Test Samples:
assert min_of_three(10,20,0) == 0
assert min_of_three(19,15,18) == 15
assert min_of_three(-10,-20,-30) == -30

Original Solution Code

def min_of_three(a,b,c):
if (a <= b) and (a <= c):

smallest = a
elif (b <= a) and (b <= c):

smallest = b
else:

smallest = c
return smallest

New Question:
Write a function that finds the minimum and maximum of three numbers and returns a tuple containing: (1) the
minimum value, (2) the count of how many times this minimum value appears, (3) the maximum value, and (4) the
count of how many times this maximum value appears among the three numbers. Additionally, if the minimum and
maximum are the same number (meaning all three numbers are equal), return (-1, -1, -1, -1).
New Test Samples:
assert min_max_with_count(10, 20, 0) == (0, 1, 20, 1)
assert min_max_with_count(15, 15, 18) == (15, 2, 18, 1)
assert min_max_with_count(-30, -30, -30) == (-1, -1, -1, -1)
assert min_max_with_count(-20, -20, -10) == (-20, 2, -10, 1)
assert min_max_with_count(5, 3, 3) == (3, 2, 5, 1)
assert min_max_with_count(7, 7, 4) == (4, 1, 7, 2)

New Solution Code

def min_max_with_count(a, b, c):
# First find the minimum value
if (a <= b) and (a <= c):

smallest = a
elif (b <= a) and (b <= c):

smallest = b
else:

smallest = c
# Find the maximum value
if (a >= b) and (a >= c):

largest = a
elif (b >= a) and (b >= c):

largest = b
else:

largest = c
# Count occurrences of the minimum value
min_count = 0
if a == smallest:

min_count += 1
if b == smallest:

min_count += 1
if c == smallest:

min_count += 1
# Count occurrences of the maximum value
max_count = 0
if a == largest:

max_count += 1
if b == largest:

max_count += 1
if c == largest:

max_count += 1
# Check if all numbers are equal
if smallest == largest:

return (-1, -1, -1, -1)
return (smallest, min_count, largest, max_count)

Figure 13: 来自MBPP的扩展问题。
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Error Case of GPT-o1
Question:
Charlotte went into the kitchen supply store knowing she wanted two identical sets of pots and pans for $ 120.00 each,
and a set of mixing bowls for $ 20.00. She initially planned to buy 5 utensils at $ 5.00 each but changed her mind and
decided not to buy any utensils. At check out, the clerk told her everything was 20

Answer:
917.6

O1’s wrong answer

Step 1: Calculate the initial cost of the items
Charlotte intended to buy Charlotte wanted: - Two identical sets of pots and pans, each for $ 120.00 - One set
of mixing bowls for $ 20.00 - Initially, she planned to buy 5 utensils at $ 5.00 each
The cost of two sets of pots and pans:

2× 120 = 240

The cost of one set of mixing bowls:
1× 20 = 20

The cost of 5 utensils at $ 5.00 each:% 误解问题

5× 5 = 25

So, initially, the total cost without any discounts is:

240 + 20 + 25 = 285

Step 2: Apply the 20 % discount
Since everything was 20 % off, Charlotte would only pay 80 % of the original price. To find the discounted
price, we multiply the total cost by 0.80:

285× 0.80 = 228

Thus, after the discount, the total cost at checkout is:

228

Step 3: Calculate Charlotte’s total spending after the second purchase
Two months later, Charlotte came back and spent $ 709.60 more. To find her total spending, we add this to
the amount she spent during her first visit:

228 + 709.60 = 937.60

Final Answer: Charlotte spent a total of:
937.60

Figure 14: GPT-o1的错误案例 1。
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Error Case of GPT-o1
Question:
Michael is replacing the carpet in his bedroom. The carpet he initially chose costs $ 12 per square foot, but due
to a supply shortage, the price increased by 6 times. Additionally, he needs to pay $ 2 per square foot for padding
underneath. His contractor initially quoted $ 4 per square foot to remove the old carpet, but due to labor shortages, this
cost also increased by 6 times. The installation cost is $ 34 per square foot, but due to the complexity of the job, the
contractor had to triple this rate. His bedroom measures 18 feet by 12 feet. How much will it cost Michael to replace
the carpet?
Answer:
43200

O1’s wrong answer

Let’s break the problem into parts step by step:
Step 1: Calculate the area of the bedroom
The area of the bedroom is given by:

Area = Length × Width = 18 ft × 12 ft = 216 sq ft

Step 2: Calculate the cost of the carpet
Initially, the carpet costs $ 12 per square foot, but due to the price increase, it is now 6 times more expensive.
The new cost per square foot for the carpet is:

New carpet cost per square foot = 12× 6 = 72 dollars per square foot

Thus, the total cost for the carpet is:

Total carpet cost = 72 dollars per square foot × 216 sq ft = 15552 dollars

Step 3: Calculate the cost of the padding
The padding costs $ 2 per square foot, so the total cost for the padding is:

Total padding cost = 2 dollars per square foot × 216 sq ft = 432 dollars

Step 4: Calculate the cost to remove the old carpet
Initially, the removal cost is $ 4 per square foot, but due to the labor shortage, it is now 6 times more expensive.
The new cost per square foot for removing the old carpet is:

New removal cost per square foot = 4× 6 = 24 dollars per square foot

Thus, the total removal cost is:

Total removal cost = 24 dollars per square foot × 216 sq ft = 5184 dollars

Step 5: Calculate the installation cost
The installation cost is $ 34 per square foot, but due to the complexity of the job, the rate is tripled. The new
cost per square foot for installation is:

New installation cost per square foot = 34× 3 = 102 dollars per square foot

Thus, the total installation cost is:

Total installation cost = 102 dollars per square foot × 216 sq ft = 22032 dollars

Step 6: Calculate the total cost

Now, we can add up all the costs:% （计算错误）

Total cost = Total carpet cost + Total padding cost + Total removal cost + Total installation cost

Total cost = 15552 + 432 + 5184 + 22032 = 43300 dollars

Thus, the total cost for Michael to replace the carpet is:

43300

Figure 15: GPT-o1的错误案例 2。
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Error Case of GPT-o1
Question:
Compute the following: (

16

4

)
−

(
16

12

)
+

(
16

8

)
−

(
16

9

)
+

(
16

7

)
Answer:
12870

O1’s wrong answer

Step 1: Understand the binomial coefficient

The binomial coefficient

(
n

k

)
is defined as:(

n

k

)
=

n!

k!(n− k)!

Step 2: Compute each binomial coefficient

Compute

(
16

4

)
: (

16

4

)
=

16!

4!(16− 4)!
=

16× 15× 14× 13

4× 3× 2× 1
= 1820

Compute

(
16

12

)
: By the symmetry of binomial coefficients,

(
16

12

)
=

(
16

4

)
. Therefore:

(
16

12

)
= 1820

Compute

(
16

8

)
:

(
16

8

)
=

16!

8!(16− 8)!
=

16× 15× 14× 13× 12× 11× 10× 9

8× 7× 6× 5× 4× 3× 2× 1
= 12870

Compute

(
16

9

)
:

(
16

9

)
=

16!

9!(16− 9)!
=

16× 15× 14× 13× 12× 11× 10× 9× 8

9× 8× 7× 6× 5× 4× 3× 2× 1
= 11440

Compute

(
16

7

)
:

(
16

7

)
=

16!

7!(16− 7)!
=

16× 15× 14× 13× 12× 11× 10

7× 6× 5× 4× 3× 2× 1
= 11440

Step 3: Substitute the values into the original expression
Now substitute the computed values of the binomial coefficients into the expression:(

16

4

)
−

(
16

12

)
+

(
16

8

)
−

(
16

9

)
+

(
16

7

)
= 1820− 1820 + 12870− 11440 + 11440

Step 4: Simplify the expression Now simplify the expression step by step:% （误算）

1820− 1820 = 0

0 + 12870 = 12870

12870− 11440 = 1420

1420 + 11440 = 12860

Final Answer: The value of the expression is: 12860

Figure 16: GPT-o1的错误案例 3。
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Error Case of GPT-o1
Question:
We write ⌊X⌋ to mean the greatest integer less than or equal to X ; for example ⌊3 1

2
⌋ = 3 . If N = 3

11
, what is the

value of ⌊10N⌋+ ⌊100N⌋+ ⌊1000N⌋+ ⌊10000N⌋+ ⌊100000N⌋+ ⌊1000000N⌋+ ⌊10000000N⌋ ?
Answer:
3030299

O1’s wrong answer

We are given that N = 3
11

, and we need to calculate the following sum:

⌊10N⌋+ ⌊100N⌋+ ⌊1000N⌋+ ⌊10000N⌋+ ⌊100000N⌋+ ⌊1000000N⌋+ ⌊10000000N⌋

Let’s calculate each term step by step.
Step 1: Calculate N = 3

11

N =
3

11
≈ 0.272727 . . .

This is a repeating decimal.
Step 2: Calculate ⌊10N⌋

10N = 10× 0.272727 . . . = 2.72727 . . .

The greatest integer less than or equal to 2.72727 . . . is ⌊10N⌋ = 2 .
Step 3: Calculate ⌊100N⌋

100N = 100× 0.272727 . . . = 27.272727 . . .

The greatest integer less than or equal to 27.272727 . . . is ⌊100N⌋ = 27 .
Step 4: Calculate ⌊1000N⌋

1000N = 1000× 0.272727 . . . = 272.727272 . . .

The greatest integer less than or equal to 272.727272 . . . is ⌊1000N⌋ = 272 .
Step 5: Calculate ⌊10000N⌋

10000N = 10000× 0.272727 . . . = 2727.272727 . . .

The greatest integer less than or equal to 2727.272727 . . . is ⌊10000N⌋ = 2727 .
Step 6: Calculate ⌊100000N⌋

100000N = 100000× 0.272727 . . . = 27272.727272 . . .

The greatest integer less than or equal to 27272.727272 . . . is ⌊100000N⌋ = 27272 .
Step 7: Calculate ⌊1000000N⌋

1000000N = 1000000× 0.272727 . . . = 272727.272727 . . .

The greatest integer less than or equal to 272727.272727 . . . is ⌊1000000N⌋ = 272727 .
Step 8: Calculate ⌊10000000N⌋

10000000N = 10000000× 0.272727 . . . = 2727272.727272 . . .

The greatest integer less than or equal to 2727272.727272 . . . is ⌊10000000N⌋ = 2727272 .

Step 9: Add all the terms Now, we add the results:% （误算）

⌊10N⌋+ ⌊100N⌋+ ⌊1000N⌋+ ⌊10000N⌋+ ⌊100000N⌋+ ⌊1000000N⌋+ ⌊10000000N⌋

= 2 + 27 + 272 + 2727 + 27272 + 272727 + 2727272

= 3028301

Thus, the value of the expression is:

3028301

Figure 17: GPT-o1的错误案例 4。
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Prompt

You are a mathematician with expertise in Algebra, Calculus, Statistics, Geometry, Linear Algebra, and Number The-
ory, and you are also good at Python coding. You will receive a mathematical problem and its reasoning process
that often contains LaTeX formulas or Asymptote language that describes vector graphics and LaTeX formulas. The
answer to the problem is wrapped in \boxed{}. Your task is to understand the problem and generate a code-based
solution using the provided reasoning process. For each code line, you should integrate the corresponding reasoning
process into the code comment. Ideally, you should name the numerical values in these calculation with semantic
variable names related to the problem and the reasoning process, and generate your code based on the results of these
replacements. Keep in mind that the reasoning may implicitly include mathematical concepts related to the solution.
Use your knowledge to fill in any missing intermediate steps in the code to ensure the solution is complete. Wrap the
generation in <answer></answer> tags.

You should keep in mind that:

1. Strictly follow the required XML format.
2. For complex outputs (e.g., intervals, complex numbers, coordinates), represent them as strings. Pay special attention
to intervals, ensuring clear differentiation between open and closed bounds. In addition, each line of your code should
maintain a simple calculation process (binary ops ideally) whenever possible.
3. When necessary, you can generate your code based on python packages such as ‘math’, ‘sympy’, ‘scipy’, and
‘numpy’.
4. Ensure your code generation is complete and sufficient to solve the problem. Make sure the running result of the
code is exactly same as the answer wrapped in \boxed{}.
5. Ensure that the integrated output is coherent. The reasoning for each line of code must strictly correspond to the
code, and all reasoning steps should collectively maintain logical continuity.

Here are some examples to show you how to do it:

{Few Shot Examples}

How about this question?

Question: {question}

Reasoning: {reasoning}

Figure 18: 代码生成的提示。
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Prompt for GSM8K

You are given a problem, and its solution process including both reasoning text and corresponding python code. Then
I will add more steps in solution code, your tasks are as follows:
1. Create a new question and the corresponding solution process by filling in the [REASON_PAD] placeholder before
each line of code with reasoning that directly relates to it.
The added intervention content is indicated in "extra_var" and “op_var", and there maybe some intermediate vari-
ables started with “intermediate_x" to help you understand how this intervention is resulted. Your question should
reflect both the information of "extra_var" and the information of "intermediate_x" (if any), and they should be
causally linked. You can utilize the running results commented after the code line to generate the question and rea-
soning process, but you should calculate the final result by yourself, which is commented as "?". Return (1) the
modified question wrapped in (<question></question> tags, (2) the correspond solution process wrapped in <solu-
tion></solution> tags, and (3) the final answer in <answer></answer> tags.
2. Rename "extra_var" and "op_var" based on the modified question and modified reasoning process, wrapped
"extra_var" in <exvar></exvar> tags and "op_var" in opvar></opvar> tags.
3. Evaluate whether the new question and reasoning process are logically sound and free from factual, computational,
or logical errors. Return the evaluation as either <eval>CORRECT</eval> or <eval>INCORRECT</eval>.
You should keep in mind that:
1. Strictly follow the required XML format, and do not alter the code.
2. Ensure the question is clear and precise, eliminating any ambiguity by clearly defining all terms and scenarios.
3. Ensure the integrated output is complete and sufficient to solve the problem.
4. Ensure that the integrated output is coherent. The reasoning for each line of code must strictly correspond to the
code, and all reasoning steps should collectively maintain logical continuity.
5. When evaluating, keep in mind that for a math problem, in the interest of computational simplicity, some exaggerated
statements (such as excessive work or a huge amount of food intake, etc.) and professional errors in other fields are
permissible. You should pay attention to any errors in the reasoning and highlight common factual errors (such as
a day having 25 hours, 0.5 people, eating -2 apples, etc.) if they are not pre-assumed. Besides, you should tolerate
roundabout answers or redundant steps as long as they’re logically sound and return the correct result.

Here is one example to show you how to do this task,

{Few Shot Example}

How about this question?

####

QUESTION: {question}

SOLUTION:

“‘
{program}
“‘

If we add more steps into the code, we will have the new solution program as:

```
{program_intervened}
```

OUTPUT:

MODIFIED SOLUTION:

MODIFIED QUESTION:

ANSWER:

RENAME:

EVALUATION:

Figure 19: 为 GSM8K进行代码翻译的提示。
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Prompt for MATH

You are a mathematician with expertise in Algebra, Calculus, Statistics, Geometry, Linear Algebra, and Number The-
ory. You are given a mathematical problem that may contain LaTeX or Asymptote code to describe tabular data and
vector graphics. You are also given its solution code, of which each line represents one step in solving the problem,
with comments explaining the reasoning process. Based on the provided problem and code, your task is to
1. Generate a more challenging problem that requires one additional reasoning step compared to the original problem.
Ensure the problem remains logically consistent and relevant. You need to provide (1) the new problem enclosed
in <question></question> and (2) the complete solution code enclosed in <code></code> following the format
of the provided solution with comments explaining the reasoning process. Moreover, to verify that an additional
step has been incorporated, (3) specify and explain the extra step added to the solution process and enclose it in
<added_code></added_code>.
2. Evaluate whether the new question and reasoning process are logically sound and free from factual, computational,
or logical errors. Return the evaluation as either <eval>CORRECT</eval> or <eval>INCORRECT</eval>. Note that
for the interest of computational simplicity, some exaggerated statements (such as excessive work or a huge amount
of food intake, etc.) and professional errors in other fields are permissible. You should pay attention to any reasoning
errors and highlight common factual errors (such as a day having 25 hours, 0.5 people, eating -2 apples, etc.) if they
are not pre-assumed. You should keep in mind that:

1. Strictly follow the required xml format.
2. Ensure the question is clear and precise, eliminating any ambiguity by clearly defining all terms and scenarios.
3. Read and understand the latex and asymptote language in the reasoning process, you should keep them in the new
question and modify them if necessary.
4. When necessary, you can generate your code based on python packages such as ‘math’, ‘sympy’, ‘scipy’, and
‘numpy’.
5. Remember to update the names of corresponding variables in the subsequent code to reflect the modification.
6. When evaluating, pay special attention to the occurrence of decimals and negative results, as they often lead to
unreasonable results in real-world or mathmatical contexts (such as 0.5 people, eat -3 apples, etc.) Here are some

examples to show you how to do this task:

{Few Shot Examples}

How about this question?

####

QUESTION: {question}

CODE:

```
{program}
```

OUTPUT:

NEW QUESTION:

NEW CODE:

ADDED CODE:

EVALUATION:

Figure 20: 对代码翻译为MATH的提示。
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Prompt

Evaluate if the given question and the corresponding reasoning process are logically sound. Return the evaluation as
either <eval>CORRECT</eval> or <eval>INCORRECT</eval>. Keep in mind that for a math problem, in the interest
of computational simplicity, some exaggerated statements (such as excessive work or a huge amount of food intake,
etc.) and professional errors in other fields are permissible. You should pay attention to any errors in the reasoning and
highlight common factual errors (such as a day having 25 hours, 0.5 people, eating -2 apples, etc.) if they are not pre-
assumed. Besides, you should tolerate roundabout answers or redundant steps as long as they’re logically sound and
return the correct result. Return your answer only. Additionally, if you assess it as incorrect, offer brief explanations
enclosed in <explain></explain>.

QUESTION: {question}

REASONING:{reasoning}

Figure 21: 用于评估生成问题的提示。

Prompt

Below is a math problem. Please solve it step by step and put your answer in ‘\boxed{}’.
###

Problem: {problem}

Let’s think step by step:

Figure 22: 用于训练和推理的提示。
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Error Case of Finetuned Qwen-2-7b

Question:
The function f(x) satisfies f(x+ y) = f(x)f(y) for all real numbers x and y. If f(2) = 9, find f(5).
Answer:

Correct answer by pretrained Qwen-2-7b

The given functional equation f(x + y) = f(x)f(y) is a well-known property of exponential functions. In
particular, if f(x) is an exponential function of the form f(x) = ax for some constant a , then it satisfies the
given functional equation.
To see why, let’s substitute f(x) = ax into the functional equation:

f(x+ y) = f(x)f(y) ⇒ ax+y = axay ⇒ ax+y = ax+y.

This equality holds for all real numbers x and y , so the functional equation is satisfied by the exponential
function f(x) = ax .
Now, we are given that f(2) = 9 . Since f(x) = ax , we have a2 = 9 , which implies a = 3 or a = −3
. However, since f(x) is an exponential function, it must be positive for all real numbers x . Therefore, we
must have a = 3 .
Finally, we can find f(5) by substituting x = 5 into the exponential function f(x) = 3x :

f(5) = 35 = 243.

Therefore, the value of f(5) is 243 .!

Wrong answer by finetuned Qwen-2-7b using our dataset

Given that f(2) = 9. Let’s verify this property with some test values. Let’s use x = 2 and y = 2 to demonstrate
the functional equation. Calculate f(2) * f(2) = 9 * 9 = 81. Verify that f(4) = f(2 + 2) = f(2) * f(2) = 81.
Calculate f(5) = f(2 + 3) = f(2) * f(3). Since f(2) = 9, we need to find f(3). From f(4) = f(2 + 2) = f(2) * f(2) =
81, we can find f(3) = f(4)/f(2) = 81/9 = 9. Therefore, f(5) = f(2) * f(3) = 9 * 9 = 81. # # # # The answer is

81 .%

Figure 23: 微调后错误答案的示例。
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